This paper develops a new covariance-based test of orthogonality that may be attractive as a useful alternative to regression-based tests when conditioning variables have roots close or equal to unity. In this case standard regressionbased orthogonality tests can suffer from both size distortion and possible misspecification under the alternative hypothesis. The new test statistic has a standard normal limit distribution for both unit root and local to unity conditioning variables, without prior knowledge of the local to unity parameter. If the conditioning variable is stationary the test remains conservative and consistent. Thus the new test requires neither size correction nor unit root pre-test. Moreover, it is capable of detecting a wider range of alternatives to orthogonality than regression-based tests. Asymptotic results are derived, including the asymptotic normality of the one-sided long-run covariance estimator, for which frequency domain representations are inapplicable. Simulations suggest good small sample performance. As an empirical application we test for the predictability of stock returns using two persistent regressors, the dividend-price-ratio and short-term interest rate. The results suggest a dominant effect of size distortion in the case of the dividend-price ratio and regression mis-specification in the case of the interest rate.
Introduction
This paper develops a new covariance-based method for testing orthogonality conditions that may be attractive when the conditioning variable has a root close or equal to unity. This new method provides a single asymptotic t-test that has correct size when the conditioning variable is modelled as either a unit root or local to unity process (with finite c). It has conservative size, but remains consistent, when the conditioning variable is stationary. It thus provides a sound basis for inference without reference to prior knowledge, estimates, or pre-tests regarding the size of the root.
Furthermore, we note that standard regression based tests are not designed to detect empirically relevant alternatives to orthogonality for which the conditioning variable (e.g. interest rates, dividend yields) is near nonstationary, but the dependent variable (e.g. stock returns) is presumed stationary. By contrast, the covariance based test is explicitly designed to maintain power against such unbalanced alternatives.
To fix ideas, consider a test of the orthogonality condition
where I x,t−1 = σ(x t−1, x t−2 , x t−3 , . . .), denotes the information contained in the past history of x t . Several common empirical applications may be cast in this form, including tests of stock return predictability, forward rate unbiasedness, 1 the permanent income hypothesis, the expectations hypothesis of the term structure, and the constant real interest rate hypothesis. 2 Although the alternative (H A : E [y t |I x,t−1 ] = 0) implicit in (1) is quite general, it is common in empirical work to test this orthogonality condition via the parameter restriction β 1 = 0 in simple regressions of the form
Such tests were traditionally formulated with stationary regressors in mind. However, it has come to be understood that many of the regressors, such as interest rates, dividend-price ratios, and forward premia are highly serially correlated and may be well characterized by roots near unity (c.f. Mankiw and Shapiro (1986) , Stambaugh (1999) ). The near nonstationarity of x t poses two problems for the orthogonality test in (1) when formulated as in (2). The first is the well known size problem (Mankiw and Shapiro (1986) , Cavanagh et al. (1995) , and Stambaugh (1999) ) that arises when x t−1 is predetermined, but not strictly exogenous, and has a root near unity. The size distortion is known to depend on the local to unity parameter and is not solved by two stage inference based on unit root pre-test (Cavanagh et al. (1995) , Elliott (1998) ).
The size problem in (2) has recently generated an active literature. Two basic approaches have been explored. The first is to maintain the regression specification in (2), but correct size. In a local-to-unity context, solutions of this type include two stage bounds procedures (Cavanagh et al. (1995) , Torous et al. (2005) , Valkanov (2003) , Campbell and Yogo (2003) ), reformulation of the problem as a stationarity test on y t (Wright (2000) , Lanne (2002) ), and conditionally optimal inference employing sufficient statistics (Jansson and Moreira (2004) ). 3 A second approach is to search for alternative estimators or testing methods for (1). In this vein, Campbell and Dufour (95 & 97) provide exact tests of (1) using non-parametric sign and sign rank tests, while Toda and Yamamoto (1995) (see also Saikkonen and Lütkepohl (1996) ) have also shown that, by choosing the lag order sufficiently large, one can estimate VAR's formulated in levels and test general parameter restrictions even if the the order of integration of the process is unknown.
Our test also falls into this second category, motivated in part by what we view as a potential for mis-specification under the alternative hypothesis (H A : E [y t |I x,t−1 ] = 0), that arises specifically when (2) is used as a means of testing the orthogonality condition in (1). 4 In particular, it often occurs in empirical applications that y t (e.g. stock or exchange rate returns) appears clearly stationary on both empirical and a priori theoretical grounds. For example, stock returns show little persistence, and an I(1) stock return process would imply an I(2) stock price, which may lack plausibility. By contrast, many of the variables used in x t (e.g. dividend price ratio, interest rates, forward premia) exhibit roots near unity. This suggests the possibility of regression imbalance in (2). In this case, the regression specification (2) allows for only two possibilities: either y t is unpredictable by I x,t−1 (β 1 = 0) or y t must be nonstationary and cointegrated with x t (β 1 = 0). 5 This rules out a wide class of alternatives to the orthogonality condition in (1) in which y t is stationary, yet predictable based on I x,t−1 . For example, were it known a priori that y t ∼ I(0) and x t ∼ I(1) then a more appropriate alternative to (1) would be given by γ 1 = 0 in y t = γ 0 + γ 1 (x t−1 − x t−2 ) + ε 1t .
Likewise, if x t is modelled local-to-unity as x t = 1 + c n x t−1 + u t , t = 1, 2, . . . , n, n = 1, 2, . . . c < 0,
with x t ≡ 0 for t ≤ 0, then one might consider the quasi-differenced alternative
with γ 1 = 0. However, these parametric approaches require either a unit root pre-test, or a priori knowledge of c.
Without pre-test, or prior knowledge on c, we develop a covariance-based test of (1) that incorporates the same alternatives as (2) when x t is stationary, but includes more general alternatives of the type described by (5), when x t is modelled as local to unity or unit root nonstationary. Moreover, the test avoids the problem of overrejection discussed above.
We begin with the following intuition. Consider first x t stationary (I(0)). The orthogonality condition (1) then imposes cov(y t , x t−1 ) = 0 under the null hypothesis. Next, rewrite x t−1 as an infinite sum of its past first-differences:
x t−1 = (x t−1 − x t−2 ) + (x t−2 − x t−3 ) + . . . = ∆x t−1 + ∆x t−2 + . . . This purely algebraic decomposition then allows us to rewrite the contemporaneous covariance between y t and x t−1 in terms of a (one-sided) long run covariance between y t and the first-difference ∆x t−1 as cov (y t , x t−1 ) = ∞ h=1 cov (y t , ∆x t−h ) .
The next step is to extend this decomposition to the case where x t follows a unit root (I(1)) process. In particular, we can define a contemporaneous covariance between y t and x t−1 in analogous fashion, as the long-run covariance between y t and the first-difference of x t−1 , as
initializing x t at t = 0. Assume y t and ∆x t−1 are stationary. We then define a quasi-covariance between x t−1 and y t as λ y,∆x := lim
which is well-defined if
As seen from (6), when x t is stationary, the quasi-covariance is written as
Therefore, λ y,∆x is well-defined for both x t ∼ I(1) and x t ∼ I(0) and provides either an exact (x t ∼ I(0)) or an asymptotic (x t ∼ I(1)) measure of the contemporaneous covariance between y t and x t−1 . The quasi-covariance maintains the same definition under the local-to-unity model (4) and as shown in the Appendix, when
6 When x0 = 0, cov(yt, xt−1) is defined as P t−1 h=1 cov (yt, ∆x t−h ) + cov(yt, x0) and (7) continues to apply under the relatively weak and reasonable assumption that lim t→∞ cov(y t , x 0 ) → 0.
Note that the quasi-covariance is defined in the same way in all three cases.
We propose a test of the orthogonality condition (1) based on the restriction λ y,∆x = 0. Regardless of the order of integration in x t , it is clear that this provides a valid basis for testing orthogonality, as this restriction is an implication of the null hypothesis in (1) since ∆x t−h belongs to I x,t−1 for h ≥ 1. For x t stationary the specification of our alternative is the same as in (2). This follows since β 1 = cov (y t , x t−1 ) /var (x t ) has a finite dominator, so that β 1 = 0 if and only if λ y,∆x =cov(y t , x t−1 ) = 0.
The difference arises when x t is modelled as nonstationary, or local to unity. As discussed above, (2) now allows only those alternatives for which y t contains a unit (or near unit) root component, omitting alternatives such as (3) and (5). By contrast, λ y,∆x is non-zero for a broader range of alternatives to (1), including unbalanced alternatives (y t ∼ I(0), x t ∼ I(1) or near I(1)). 7 For example, under the alternatives specified by γ 1 = 0 in (5), assuming ε 1t is independent of past u t , it follows from (9) that
in general. On the other hand, the regression coefficient
2 tends to zero by standard argument. This is not because lim t→∞ cov(y t , x t−1 ) = λ y,∆x is zero, but rather because var(x t ) diverges.
The parameter λ y,∆x is well defined and consistently estimated by the same standard kernel covariance estimator for both stationary and unit root nonstationary x t , without the necessity of pretesting or estimating the root of x t . The feature may be useful in applied work, as it is often difficult to distinguish with confidence between I(0) and I(1) alternatives. A second desirable property of the estimator is that it is shown to have a unique limit distribution for all values of the local to unity parameter c. This allows us to avoid two-stage inference procedures, such as Bonferroni bounds, that are often necessitated by the lack of a consistent time-series estimator for c. We construct a large sample test, based on a single t-statistic with a limiting standard normal distribution under both unit root and local to unity assumptions. No bias corrections or other adjustments are required. The test is shown to remain conservative and consistent when x t is stationary. As a by product, we establish the asymptotic normality of the one-sided long-run covariance estimator, for which frequency domain representations are inapplicable.
As an empirical application, these methods are used to revisit well-known orthogonality tests involving the prediction of stock returns using dividend-yields and interest rates. Both variables are highly persistent leading much recent literature to explore size distortions. Moreover, while there is strong reason to believe that stock returns are stationary, standard regression-based tests, even if even-size corrected, may restrict power to alternatives that imply near-nonstationary components in stock returns. By using covariance-based tests we not only ensure valid inference, but also allow for alternatives that leave returns stationary, while still violating orthogonality. The results suggest a dominant effect of size distortion in the case of the dividend-price ratio and regression mis-specification in the case of the interest rate.
The remainder of the paper is organized as follows. Section 2 introduces the kernel-based estimator of λ y,∆x and demonstrates its asymptotic behavior when x t is I(1), I(0), and local-to-unity. Section 3 discusses how to conduct inference based on the estimate of λ y,∆x , and Section 4 reports some simulation results. The empirical application is reported in Section 5, and Section 6 concludes. Proofs are given in the Appendix in Section 7, and Section 8 collects some technical results.
Estimation of quasi-covariance
In this section, we develop an estimator of the quasi-covariance and derive its asymptotic properties. First we consider the case when x t is I(1).
Assumption A (y t , ∆x t ) are generated by
, with finite fourth moment,
where A is the supremum norm of a matrix A. The assumption var(ε t ) = I 2 is innocuous because we do not normalize the elements of A j . We propose to estimate a quasi-covariance by
where m is the bandwidth and k(x) is the kernel. 8 We assume k(x) and m satisfy the following assumptions.
Assumption K

The kernel k(x) is continuous and uniformly bounded with
Assumption K is satisfied by the Bartlett kernel with q = 1. Other kernels such as the Parzen kernel, Tukey-Hanning kernel, and Quadratic Spectral kernel satisfy Assumption K with q = 2.
Let f yy (λ) denote the spectral density of y t and f ∆xy (λ) denote the cross-spectral density between ∆x t and y t , and similarly for f y∆x (λ) and f ∆x∆x (λ). The following lemma shows the asymptotic bias and variance of λ y,∆x and its consistency.
Lemma 1 If Assumptions A, K and M hold, then
The proof of part (a) is omitted because it is the same as that of Theorem 10 in Hannan (1970, p. 283) . Part (b) is a one-sided version of Theorem 9 of Hannan (1970, p. 280 
giving expressions similar to those in Andrews (1991, pp. 825, 830) . If m is chosen optimally, then the rate of convergence is n q/(2q+1) .
The limit distribution when x t is I(1)
It is well known that the estimator of the two-sided long-run covariance between y t and ∆x t has normal limiting distribution (Hannan, 1970, Theorem 11, p. 289) . However, currently there are no results that show the asymptotic normality of the onesided long-run covariance estimator. One of the reasons is because the off-diagonal one-sided long-run covariance estimator does not admit a simple expression in terms of periodograms. To see why, let I z (ω) be the periodogram of z t , then it follows that
It is easy to see that K n (ω) does not have a simple expression such as Fejér kernel, and indeed it has a nonnegligible imaginary part. In the present paper, we work directly with Γ y∆x by applying the martingale approximation a la Phillips and Solo (1992) and show the asymptotic normality of λ y,∆x . The following theorem establishes it.
Theorem 2 If Assumptions A, K and M hold and m
Unlike the regression-based tests, neither a non-zero intercept in (y t , x t ) nor a linear trend in x t affects the limiting distribution. Because ∆(x t + µ) = ∆x t , λ y,∆x is invariant to the presence of a non-zero intercept in x t . For a non-zero intercept in y t and a linear trend in x t , if we replace (y t , ∆x t−h ) with (y t − y, ∆x t−h − ∆x), where y and ∆x denote the sample average of y t and ∆x t , then λ y,∆x has the stated asymptotic distribution. 9 The optimal bandwidth m * does not satisfy the rate condition on m of Theorem 2, which is a standard result when the bandwidth is chosen to minimize the mean squared error. m needs to grow faster than m * for Theorem 2 to hold. Since the optimal rate of increase of m is n 1/(2q+1) from Remark 2 (2), the upper bound on m, m 2 /n → 0, does not appear to pose a severe problem when q is 1 or 2.
The limit distribution when x t is modelled as local to unity
Consider the case where x t is a local-to-unity process:
9 If yt is trend stationary, employing the detrended residual gives the same limiting distribution.
Assumption B (9). The following Lemma establishes the first order equivalence of the limit theory for λ y,∆x under both I(1) and local to unity assumptions on x t .
Lemma 3 Suppose Assumptions B, K and M hold. Then
, where Γ uy (h) and V are defined in (11) and Lemma 1, respectively, with u t replacing ∆x t .
The fact that the limiting distribution is the same for all finite c ≤ 0 has important practical implications, since it means that no prior knowledge on c is required in order to conduct inference. By contrast, many econometric procedures, including several common cointegration tests, that are valid for c = 0 may fail for c < 0.
The limit distribution when x t is I (0)
The argument so far is based on the assumption that x t is I(1). However, in practice often we do not have strong prior knowledge about whether x t is I(1) or I(0). With an additional Lipschitz continuity assumption on the kernel, λ y,∆x converges to Ey t x t−1 = λ y,∆x when x t is an I(0) process. Let us first state the assumptions on x t and y t .
and f x (0), f y (0) > 0, where f x (λ) and f y (λ) are the spectral density of x t and y t .
We use γ(h) to denote the autocovariance of v t to distinguish it from the autocovariance of z t in Assumption A. Note that λ y,∆x = Ey t x t−1 = γ xy (1) . Assumptions C, K and M hold and k(x) is Lipschitz(1), then
Lemma 4 If
where γ xy (1) = n −1 n t=2 y t x t−1 and B n is the bias term satisfying
and k xyxy (0, a, b, c) is the fourth cumulant of (x t , y t+a , x t+b , y t+c ) .
If you knew x t ∼ I(0), then you would estimate Ey t x t−1 by γ xy (1), and the limiting variance of λ y,∆x is the same as that of γ xy (1) . Therefore, λ y,∆x is robust to misspecification of the integration of order, apart from the bias term in (14).
3 Possible ways to conduct inference
Estimation of the limiting variance of the estimator
Suppose x t is I(1) and Lemma 2 gives the limiting distribution of λ y,∆x . To conduct inference, we need to estimate V . Of course, we can use
We may also consider another estimator of V, V , whose particularly good performance is suggested by simulations in Section 4. It is based on the exact finite sample variance of λ y,∆x , which is given by (see equations (32)- (34) 
where φ n (u, h , h ) is defined in the proof of Lemma 1. The terms involving the cumulants disappear in the limit. Define V by replacing Γ ab with Γ ab , which reduces the error from the approximation of the discrete sum in (30) by an integral:
where k(x) and m are a kernel and bandwidth. k(x) and m can, but do not need to, be the same as k(x) and m. Estimating V by V gives better finite sample performance than estimating V by V . (The results using V are not reported in the present paper).
Suppose (y t , ∆x t ) satisfies Assumption A and hence x t is I(1). Then, we may construct a t-type statistic
The following Lemma shows that t λ converges to a N (0, 1) random variable.
Lemma 5 
Corollary 6 If the assumptions of Theorem 2 or Lemma 3 and Lemma 5 hold, then
3.2 Conservative inference: inference when x t is modelled as I (1) but is actually I(0)
Consider the case when (y t , x t ) follows (13) and x t is actually I(0). It is easy to show that the test based on t λ is consistent. Suppose we test H 0 : λ y,∆x = 0 but λ y,∆x = 0. Then we have, from Lemma 4,
Indeed, t λ diverges at a faster rate than n 1/2 m −1/2 , the rate of divergence in the I(1) case. Since t λ is based on the autocovariance of y t and ∆x t , the inference based on t λ might be misleading. However, if the Bartlett kernel k(x) = (1 − |x|)1{|x| ≤ 1} is used in V in (15) and Ey t x t−h = 0 for all h ≥ 1 (which holds under the null hypothesis of orthogonality), then t λ is O p (( m/m) 1/2 ). Therefore, when m is chosen appropriately,λ y,∆x serves as a tool for conservative inference. Assumptions C, K and M hold, k(x) is the Bartlett kernel, 1/ m + m/n → 0, and
Lemma 7 If
In order to understand the convergence, rewrite t λ as
The numerator converges to a Gaussian random variable from Lemma 4 . V in the denominator is an estimate of f ∆x∆x (0) = 0 and hence converges to 0 as m → ∞.
Because m tends to infinity, the asymptotic behavior of t λ depends on the rate of convergence of V . Letting m tend to infinity but not too fast prevents V from converging to 0 too fast and makes t λ converge to 0 in probability. Therefore, by choosing m appropriately, the t λ statistic provides a conservative inferential tool that converges to N (0, 1) if x t is I(1) or local to unity but converges to zero when x t is I(0). Thus, the rejection rate will not exceed the nominal level. This is summarized in the following Lemma. Assumptions A or B and K and M hold, or (ii) 
Lemma 8 If either (i)
/n + n/m 2q+1 + 1/ m + m/n + m/m → 0, then Pr(|t λ | ≥ z 1−α/2 ) → α ≤ α as n → ∞, where z 1−α/2 is the 100(1 − α/2) percentile of the N (0, 1) distribution.
Finite sample performance: simulation results
This section provides a modest simulation study to gauge the small sample accuracy of the proposed test. The results indicate reasonable (and often quite good) size and power in sample sizes as small as 100.
For the simulations below we have in mind a test of y t orthogonal to I x,t−1 , the information contained in past x t , as in (1). This is often tested in practice using a regression of y t on x t−1 as in (2). Since size distortions rule out standard regression only for x t highly serially correlated, it is this case that we focus on. In particular, we consider both first and second order autoregressive models for x t : (1) (17)
The AR(1) model may also be written as a unit root/local to unity process by letting
Often the primary economic interest centers on the relation between y t and x t−1 . Under the null hypothesis y t is orthogonal to I x,t−1 and often an efficient market condition will also imply that y t is orthogonal to its own past. In the simulations, the process for y t under the null hypothesis is therefore specified by
where the innovation u 1t is discussed below and the deterministic component d t consists of either an intercept or a trend:
We employ two different specifications for y t under the alternative hypothesis when investigating finite sample power. First we consider the standard regression specification
In the unit root/local to unity context, this may be referred to as a balanced alternative, since for β = 0, both y t and x t contain an equally persistent component. In fact, when x t has a unit root the two are cointegrated. While this has traditionally been the alternative on which the literature has focused, in certain applications there may be an unappealing aspect to it. For example, as discussed in the introduction, it is not clear that one would want to model near unit root components in stock or exchange rate returns on theoretical grounds and empirically they show little serial correlation. 10 Thus, it also seems reasonable to consider test performance under unbalanced alternatives, in which x t is persistent but y t is not. A simple alternative of this type is given by a regression of y t on prefiltered x t as in
where x t is given by the AR(1) specification in (17). Of course, (24) is not itself unbalanced, but it implies an imbalance between y t and x t−1 . This may be rewritten as
in which form it also makes sense for more general models of x t . Finally, since the orthogonality between y t and past x t (i.e. x t−j , j ≥ 1) does not rule out contemporaneous covariance between y t and x t , we allow the two innovation processes to be correlated under both the null and alternative. They are specified by
Our primary interest lies in the performance of the covariance-based t-statistic t λ given in (16), which was estimated as follows. In the trend model (22), we first demeaned ∆x t (thereby removing the trend in x t ) and detrended y t prior to estimation. In the intercept model (21) only y t was demeaned. Using this detrended (or demeaned) data we then estimated the quasi-covariance λ y,∆x defined in (7) using the standard kernel covariance estimator λ y,∆x given in (11). Likewise, we estimated its asymptotic variance V (see Lemma 1) using the kernel estimator V following (15).
Both kernel estimation procedures require the choice of kernel and bandwidth. The theoretical results allow considerable flexibility in the choice of the kernel k(x) in the estimation of λ y,∆x . However, to ensure conservative inference for stationary x t , Lemma 7 mandates use of the Bartlett kernel for k(x) in the estimation of V . We therefore used the Bartlett kernel for both estimators. The bandwidth parameter m in the estimation of λ y,∆x is selected using the optimal bandwidth formula given in (12). Implementation of this formula in practice requires the use of a fiststage parametric approximation model. As in Andrews (91) this is assumed only to provide a parsimonious approximation, not a correct specification. Although separate univariate AR(1) models are typically employed, the optimal bandwidth in this case depends on the behavior of the cross auto-correlations and necessitates a joint model. Including a moving average component also seems desirable given possible over-differencing in ∆x t . A VARMA(1,1) was therefore used as the first stage model for (y t , ∆x t ). Employing the asymptotically efficient three stage linear regression method of Dufour and Pelletier (2002) allowed us to avoid non-linear optimization, keeping estimation simple. 11 The choice of the second bandwidth parameter m used in estimation of V is constrained by Lemma 7 which requires m = o (m). While clearly arbitrary, our choice of m = m 0.9 appeared sufficient to insure conservative inference in the stationary case, with minimal cost in overall performance.
We also provide some comparisons to both the standard regression t-test and the size-adjusted regression-based approach, using the two stage Bonferroni-bounds test of Cavanagh et al. (1995) (hereafter CES). All results below are based on 2000 replications, with results reported for sample sizes of n = 100 and 400.
Size
We first simulate under the null hypothesis with y t given by (20) and x t given by the AR (1) process (17) with ρ 1 modelled local to unity as in (19) . Results are provided for various values of both c (and therefore ρ 1 ) and σ 12 . In order to set a basis of comparison, Table 1 shows empirical rejection rates for the standard twosided regression t-test (y t regressed on x t−1 ) with a nominal level of 5 percent. 12 The rejection rates are reasonable for small values of ρ 1 and/or σ 12 but grow highly unreliable as ρ 1 approaches one and the residual correlation increases. The size problem is particularly severe in the model with trend, for which rejection rates can exceed 50 percent.
By contrast, the rejection rates for the covariance-based t-test t λ shown in Table 2 are fairly accurate over the whole range of parameter values in the both the intercept and trend models. Furthermore, the test generally works well in sample sizes as small as one hundred and becomes quite reliable for n = 400. Consistent with the theory, the test can become slightly conservative for large (negative) values of c. However, with only a few exceptions, the empirical rejection rates remain within two percentage points of the nominal value. This good performance was anticipated from the previous section, given the asymptotic standard normal distribution of the covariance-based test statistic. Of course, good performance may also be obtained by properly size adjusting the regression-based tests, as in the bounds tests of CES (see their Table 4) .
Following the literature, we also consider longer-horizon returns. We require no explicit corrections to handle the moving average components induced by the overlapping returns; for fixed horizon (k) we simply have to define
and apply the theoretical results to (
In finite sample, the accuracy of long-horizon tests typically depends on the ratio k/n. In Table 3 , we match this ratio to the sample size (n = 924) and longest horizon (2 years, k = 24) used in the empirical application, yielding k = 3 for n = 100. This again yields reasonable size performance. Holding n = 100 fixed, but increasing the horizon to k = 5 leads to only a slight deterioration. The model above is the baseline model most often used to evaluate size distortions in this context. However, our test is designed to work in a more general setting and it is also of interest to investigate finite sample performance under higher order autoregressive specifications for x t , such as the AR (2) model (18), with roots on or close to the unit circle. Rudebusch (1992 , Table 2 ) finds that an AR(2) with ρ 1 + ρ 2 slightly below unity (with ρ 1 > 1 and ρ 2 < 0) provides a good fit for a number of macroeconomic and financial time series. In order to roughly match these estimates we set ρ 1 = 1.5 and
for the same values of c considered above. Thus, like in the AR(1) model, x t is unitroot nonstationary for c = 0 (ρ 2 = −0.5) and stationary but strongly correlated for c < 0 (ρ 2 < −0.5). The rejection rates for the covariance-based tests are shown in Table 4 . In the demeaned case, the results remain fairly accurate even for n = 100. In the detrended case there is a tendency to over-reject in certain cases for n = 100 but this improves considerably for n = 400. By contrast, finite sample rejection rates for least squares (available upon request) reach to above 50% and do not improve with sample size for fixed c. In summary the size of the proposed covariance-based test seems generally to be reasonable, and is often quite accurate, even in sample sizes as small as n = 100. We next consider finite sample power.
Power
We first consider the power of the covariance-based test t λ against the balanced regression alternative given in (23) with β = 0 and local to unity x t given by (17) and (19). 13 For c = 0 this alternative constitutes a cointegrating relation, while for c << 0 the alternative is a stationary regression. The results are shown in Table 5 . As expected, the power of the test is reasonable, increasing in both sample size and distance from the null. 14 One of the goals of the covariance-based test was to simultaneously maintain power against "unbalanced" alternatives which allow y t (e.g. returns) to be stationary, despite near or even exact unit root behavior in x t . This avoids, for example, the requirement that stock prices or exchange rates contain an I(2) or near-I(2) component under the alternative hypothesis when predictor variables are persistent. More generally, it avoids the transformation of the orthogonality test into a unit root/cointegration test as the root in x t approaches one. The pre-filtered regression (25), together with (17), therefore provides a natural alternative in which to consider finite sample power in that it holds y t stationary (but not over-differenced) regardless of the persistence in x t . In doing so, it incorporates both (2) and (3) as special cases for ρ 1 = 0 and ρ 1 = 1 respectively.
Finite sample power results for the covariance-based tests under the unbalanced alternative (24) with x t given by (17) and (19) are shown in Table 6 . The test is calculated in the same way as before, again using y t and x t−1 as inputs (i.e. we don't make use of the knowledge that y t and x t are unbalanced). These rejection rates appear quite reasonable, again increasing in both sample size and distance from the null hypothesis.
Many existing tests are based on a size adjusted regression of the type shown in (2). These procedures may be expected to have good power against regression alternatives when x t is stationary (e.g. ρ 1 << 1 in (17) and β = 0 in (23)) and against cointegration or near-cointegration alternatives when x t is near I(1). (e.g. ρ 1 ≈ 1 in (17) and β = 0 in (23)). This is confirmed in Table 7 , which shows finite sample power for the CES Bonferroni test procedure against β = 0 in (23) with local to unity x t given by (17) and (19). As expected, the test exhibits very good power against this alternative and is in this case more powerful than t λ .
On the other hand, it is not clear that tests based on (2) should have much power against unbalanced alternatives, since the parameter restriction tested (i.e. β 1 = 0) is satisfied for all unbalanced relations and β → p 0. Table 8 provides rejection rates for the CES Bonferonni test against the same unbalanced alternative (and same DGP) used to assess the power of t λ in Table 6 . Confirming the reasoning above, the regression based test does quite well for the larger values of c when x t and y t behave in a stationary manner, but performance deteriorates rapidly as x t approaches nonstationarity (small c) and the alternative becomes unbalanced. Moreover, for small c the power does not seem to improve as we move further into the alternative. Nor, for fixed values of c, do rejection rates increase much as the sample size increases. For example, in the worst case for c = 0 and σ 12 = 0.95, the power remains under 10 percent even for a population R 2 of 0.5 and a sample size of four-hundred.
These simulations suggest that the covariance-based orthogonality test may provide power against a wider range of alternatives than do existing size-adjusted regressionbased tests. In particular, they appear to provide reasonable power against both balanced and unbalanced alternatives whereas regression-based tests do particularly well against the balanced alternatives for which they were designed, but provide little reliable power against unbalanced alternatives. This added generality does of course come at some cost in terms of power against certain specific alternatives and, in this sense, the two testing approaches (regression and covariance-based) are properly seen as compliments rather than substitutes.
Application to tests of stock return predictability
We use the method developed above to test the orthogonality of stock returns to the information in past short-term interest rates and dividend yields. Under the market efficiency/constant risk premium hypothesis it should not be possible to systematically forecast stock returns. Early tests of this hypothesis found fairly substantial predictability and thus had a large impact on the finance literature (see Campbell and Shiller (1988a,b) , Fama and French (1988) , Hodrick (1992) , Shiller (1984) ).
Although theoretical considerations may rule out exact unit root behavior in dividend yields 15 and interest rates, near unit roots in the local to unity sense can not be ruled out a priori. Empirically, both series are highly persistent, with confidence intervals on the largest root often containing one (Torous et al. (2005) ). Moreover, although pre-determined, there is no reason to believe that these regressors are fully exogenous. For example, the stock price enters both the return and dividend yield. The combination of near unit root behavior and a failure of strict exogeneity is a recipe for size problems (Cavanagh et al. (1995) ). Consequently, subsequent doubts have been raised regarding the evidence for predictability on account of the strong persistence in the regressors (Stambaugh (1986 (Stambaugh ( & 1999 and Mankiw and Shapiro (1986) ). 16 This has spurred a large literature in an attempt to address this issue, and the degree to which evidence of predictability has been overstated remains a subject of ongoing debate. 17 Thus the literature to date has focused primarily on the issue of size distortion. However, as discussed at length in the introduction, near unit root regressors may also raise specification issues under the alternative, in the sense that a stationary variable, such as a stock return should not be linearly predictable by a unit (or near unit) root regression (Lanne (2002) ). However, even if y t ∼ I(0) and x t ∼ I(1), y t may still be predictable based on the past history of x t , as exemplified by (3) and (5), with γ 1 = 0. Yet, as the simulations underscored, regression tests based on (2) have unreliable power against such alternatives, even if size adjusted. Therefore, while evidence of predictability may be overstated due to size distortion, it is also possible that it has been understated due to near unit root specification issues. Since the covariance-based tests address both issues simultaneously they may be useful in untangling these two effects.
Following Campbell et al. (1997, chapter 7) , we use monthly returns from 1927 to 1994 and also consider separately the two subperiods: 1927-1951 and 1952-1994. 18 Monthly log returns are calculated as r t+1 = ln ((P t+1 + D t+1 )/P t ), where P t and D t are the stock price and dividend from the CRSP value-weighed index of NYSE, 15 Campbell and Shiller (1988a,b) , but see Tuypens (2002) for an alternative viewpoint. 16 Also of concern have been the accuracy of the standard errors in long-horizon regressions (Richardson and Stock (1989) , Valkanov (2003) ).
17 This literature includes resampling and simulation methods (Hodrick (1992) , Nelson and Kim (1993) , Goetzmann and Jorion (1993) , Wolf (2000) , and Ang and Bekaert (2001) ), local to unity corrections along the lines of Cavanagh et al. (1995) (Viceira (1997) , Valkanov (2003) , Torous et al. (2005) , and Campbell and Yogo (2003) ), and finite sample or Bayesian approaches (Stambaugh (1999) and Lewellen (2003) ).
18 We thank John Campbell for kindly providing us with this data.
AMEX, and NASDAQ stocks. Real returns are formed by deflating nominal returns by the CPI. 19 The dividend-price ratio is calculated in the standard way as the sum of dividends paid over the past twelve months, divided by the current level of the index:
. We denote the one month treasury bill rate by i t . Following the literature, we also consider longer-horizon returns of the form r t+1 + . . . + r t+k for k = 1, 3, 12, and 24. HAC standard errors are employed for k > 1 in the regression analysis, but for fixed k our covariance-based test requires no correction or adjustment, as discussed in the simulation section above. Table 9 shows the standard regression results. The interest rate regressions show only modest evidence of predictability whereas evidence using dividend yields is quite strong. Intuition for the potential bias and size distortion in these regressions is provided by Lewellen (2003) who expresses the bias in β in (2) in terms of the bias in ρ in (17) and the residual covariance σ 12 in (26):
The two ingredients needed to produce bias are thus persistent regressors and residual serial correlation. Table 10 shows the Stock (1991) confidence interval on the largest root in x t together with the estimated residual correlation δ = corr(ε 1t , ε 2t ). The two series both show large roots, with confidence intervals on the largest root containing one, but display quite different residual correlation properties. Estimates of δ are small for the interest rate series, suggesting only modest size distortion, but are close to negative one for the dividend price ratio. Intuitively, an increase in the current stock price corresponds to a higher return but lower dividend yield. Since the AR(1) coefficient estimateρ 1 is downward biased (Hurwitz (1950) ), negative residual correlation implies positive bias in β (see 28)). In other words, the bias runs in the same direction as the observed alternative, leaving the results difficult to interpret. This preliminary analysis suggests that size distortion may matter more in the case of the dividend price ratio, whereas the near-unit root specification issues may be relatively more important for the interest rate regressions. This conjecture is supported by the results in Table 11 . The table shows both the covariance-based test statistic t λ , for which standard normal critical values apply, and the optimal bandwidth m * , both of which are calculated in the same way as in the simulations (see Section 4 for details). 20 Our results tell two different tales: one for the dividend price ratio and a second for the interest rate. In the case of the dividend price ratio, the covariance-based tests show far weaker evidence of predictability than do the standard regressionbased tests. This agrees with the conclusion in several (but not all) previous studies which size correct the regression in (2) 21 and based on the results shown it seems difficult to make a strong case for predictability using the dividend yield. However, as always, one must exercise some caution in interpreting a failure to reject. In particular, while our test, being semi-parametric in nature, was found to have power against a wider range of alternatives (see Section 4) than the regression-based test, the latter naturally had better power when the regression in (2) was properly specified. Nevertheless it seems safe to conclude that the evidence and degree of predictability found in regressions using dividend yields is, at the least, somewhat overstated.
For the interest rate, the story is reversed, with the covariance-based tests in Table  11 providing stronger evidence of predictability than the regression tests of Table 9 , particularly at the 3 and 12 month horizons during the 1952-1994 period, and the 3 month horizon in the 1927-1994 sample. 22 This difference may be due to the fact that the regression test restricts the alternative to a direct linear relation between returns (which show little persistence) and highly persistent interest rates. We confirm this conjecture by showing in Table 12 that a stronger relation in fact exists between stock returns and an ad hoc stochastically detrended version of the interest rate, x t = i t − 11 j=0 i t−j , sometimes employed in this literature (see Campbell (1991) ). 23 In conclusion, we find that standard regression tests based on (2) may overstate predictability using the dividend yield due to size distortion, but understate the predictive content in interest rates by restricting the nature of the alternative.
Conclusion
In regression-based orthogonality tests it is often the case that the regressor is highly serially correlated, with an autoregressive root close or possibly equal to unity. This is well known to cause size problems in standard tests, due to the nonstandard nature of the test statistic under both unit root and local to unity assumptions. Simple twostage procedures employing unit root tests together with size correction can generally correct this problem in the I(1) case, but still produce size distortions under local to unity assumptions.
Roots near unity may also artificially restrict the allowable alternative hypothesis, leading to poor size-adjusted power under reasonable alternatives. For example, when the regressor has a unit root but the dependent variable does not, no linear relation between the two can exist, so that the true regression coefficient is forcibly equal to zero. A properly adjusted t-test based on this regression coefficient should therefore generally support the null of orthogonality. However, such a regression imbalance would not rule out a violation of orthogonality due to a linear relationship between the dependent variable and stationary transformations of the regressor.
The covariance-based t-test proposed here produces good size and power against reasonable alternatives regardless of whether the regressor is stationary, nonstationary, or local to unity. This comes without resort to unit root pre-tests or other forms of prior information. Furthermore, because nonstandard distributions are avoided, size adjustments are unnecessary. Simulation results suggest reasonably good size and power in samples as small as one hundred, making this a practical tool for use in empirical applications.
Appendix A: Proofs
In the following sections, C denotes a generic constant such that C ∈ (0, ∞) unless specified otherwise, and it may take different values in different places.
Proof of (9)
From the definition of x t , we have
(1 + c/n) k cov (y t , u t−h−1−k ) for t ≥ h + 1, and 0 for t ≤ h. Therefore,
The first term converges to 
Proof of Lemma 1
The proof closely follows that of Theorem 9 of Hannan (1970, p. 280) . See Hannan (1970) pp. 313-316 for details. Observe that
Hannan (1970) p. 313 gives
where k ∆xy∆xy (0, h , u, u + h) is the fourth cumulant of z t (see Hannan, 1970, p.23 for the definition) and φ n (u, h , h ) is given by (the formula of φ n (u, h , h) for −n + h ≤ u ≤ 0 in Hannan has a typo)
It follows that (30) is comprised of
Let v = h − h, and we can rewrite (32) as 
and hence (32) converges to 4π 2 f ∆x∆x (0) f yy (0) Hannan (1970, p. 211) , the fourth cumulant of z t satisfies
and hence (34) is O(m −1 ), and the stated result follows.
Proof of Theorem 2
In view of Lemma 1, it suffices to show that n/m( λ
where
From Lemma 9, Minkowski's inequality, and
Lemma 10 gives
where ER 2 n = o(1) and f hr (1) is defined in the statement of Lemma 10. Therefore,
Let I t = σ(ε t , ε t−1 , . . .). Since Z t ∈ I t and E(Z t |I t−1 ) = 0, Z t is a martingale difference sequence and (40) follows from the martingale CLT of Brown (1971) 
First we show (i). Observe that
E(nZ
E(nZ 2 t |I t−1 ) is stationary and ergodic because ε t is i.i.d. Furthermore, from the law of iterated expectations we have
Therefore, (i) follows from the ergodic theorem if
From (37)- (39), we have
Taking the second moment of the both sides gives
The left hand side of (42) is n t=1 EZ 2 t = nEZ 2 t , since Z t is a stationary martingale difference sequence. The right hand side of (42) 
Therefore, we establish (41) and (i). For (ii), the stationarity of Z t gives
, and E(nZ 2 t 1{|nZ 2 t | ≥ nδ 2 ) → 0 follows from E(nZ 2 t ) → V < ∞ and the dominated convergence theorem, giving (40) and the stated result follows.
Proof of Lemma 3
From (29), we have
The required result follows because E|
Proof of Lemma 4
Some simple algebra gives
For T 1n , we have (note that λ y,∆x = Ey
From Theorem 14 of Hannan (1970, page 228) and k(1/m) → 1 as n → ∞, we have
where Ξ is given by Hannan (1970) 
ET 2n = 0 when Ey t x t−h = γ xy (h) = 0 for all h ≥ 1. Otherwise, fix a small ε > 0, then
The second term on the right is bounded by
gives the bias term B n in (14). Hannan (1970) (equation (3. 3) on page 209 and line 5 on page 211), we have
It remains to show that var(
Therefore, from the Lipschitz condition on k(·), the terms composing the variance of √ nT 2n that do not involve k xyxy are bounded by
The term in the variance of √ nT 2n that involves k xyxy is bounded by
, and
and the stated result follows.
Proof of Lemma 5
The term of V that involves Γ ∆x∆x (u) and Γ yy (u + h − h ) reduces to, in view of equations (32) and (35) in the proof of Lemma 1,
Because k (x) = 0 for |x| > 1 and m/n → 0, this simplifies to
dx in probability by the standard argument. Similarly, the term of V that involves Γ ∆xy (u + h) and Γ y∆x (u − h ) converges to 4π 2 [f y∆x (0)] 2 ∞ 0 k 2 (x) dx in probability, and the stated result follows. The result for the local-to-unity case follows from the proof of Lemma 3.
Proof of Lemma 7
The Lemma follows if we show that there exists η > 0 such that
From the arguments in the proof of Lemma 5, V is equal to 
For sufficiently large n, (45) is equal to [ 
where (Priestley, 1981, p. 439 )
is the Fejer kernel. From Phillips (1999, Theorem 2.2 and Remark 2.4), we have
We can ignore (49) because it is nonnegative. For (48), it follows from the CauchySchwartz inequality and Lemma 12 (b) that
and (48)
For A 1 , because f x (0) > 0 and f x (λ) is continuous in the neighborhood of the origin since j||B j || < ∞, there exist D ∈ (0, 1) and c 1 , c 2 > 0 such that, for sufficiently large n (Hannan, Theorem 2, p. 248) inf λ∈ [−Dπ,Dπ] 
Therefore, in conjunction with Lemma 12 (a), we obtain
For A 2 , it follows from Theorem 2 and Corollary 1 of Hannan (1970, pp. 248-9) and their proof that
Therefore,
where the interchange of expectation and integration in the first line is valid by (50) and Fubini's Theorem, and the last line follows from Lemma 12 (b), (50), and the dominated convergence theorem. Therefore, there exists η > 0 such that (47)+(48)+(49)≥ η m −1 with probability approaching one, and (46) and the stated result follow.
Appendix B: technical results
Lemma 9 Under the assumptions of Theorem 2,
From the product theorem (e.g. Hannan, 1970, pp. 23, 209) , E( 
where ER 2 n = o(1) and
and A 1 j and A 2 j denote the first and second row of A j , respectively.
Proof The proof follows from an argument similar to Remark 3.9 (i) of Phillips and Solo (1992, p. 980) . First, we find an alternate expression of n t=1 y t ∆x t−h so that it can be approximated by a martingale. Express y t and ∆x t as
where A 1 j and A 2 j are the first and second row of A j , respectively. Observe that
Since A 2 j−h ε t−j is a scalar, the first term on the right is
The second term on the right is, since A 2 s ≡ 0 for s < 0,
Therefore, we may express y t ∆x t−h as
Apply the B/N decomposition (Phillips and Solo (1992) ) to f hr (L) and rewrite it as
It follows that
From Lemma 11, we have
Furthermore, observe that
In conjunction with (52), it follows that
and hence
From (53) and Minkowski's inequality, we have
, and it follows that E(I) 2 = O(m −1 ), giving the stated result.
Lemma 11 Under the assumptions of Theorem 2, for
Proof We need to show the result only for t = n, because ε t is i.i.d. For part (a),
This is finite because, uniformly in h = 1, . . . , n − 1,
The first term in (55) is bounded by
Therefore, the right hand side of (54) is finite, and part (b) follows.
Proof We can find a constant c ∈ (0, 1) such that, for
Therefore, there exists κ > 0 such that
giving part (a). Part (b) follows from (56) and | sin x| ≤ 1. The The table shows rejection rates under the null hypothesis for a nominal 5% test using t λ . yt is given by (20) and x t by (17) with ρ 1 given by (19), with local-to-unity parameter c. Details are given in the text. The table shows rejection rates under the null hypothesis for a nominal 5% test using t λ . The long-horizon return y t,k and x t,k are given by (26) where x t and y t follow (17) and (20) respectively with ρ 1 given by (19), with local-to-unity parameter c. k = 3 is chosen to match the ratio of the sample size to the longest horizon in the empirical application for a simulation sample size of n = 100. Details are given in the text. The table shows rejection rates under the null hypothesis for a nominal 5% test using t λ . yt is given by (20) and x t by (18) with ρ 1 and ρ 2 given by (27), with local-to-unity parameter c. Details are given in the text. Entries show results from a regression y t+k = rt+1 +. . .+r t+k on xt = it or xt = dt −pt. Regressions are estimated by OLS with HAC standard errors for k > 1, using the Bartlett (Newey-West) kernel with bandwidth set to k − 1. Entries show results from a regression y t+k = r t+1 + . . . + r t+k on x t = i t − P 11 j=0 i t−j . Regressions are estimated by OLS with HAC standard errors, using the Bartlett (Newey-West) kernel with bandwidth set to k − 1.
